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Laurent Schwartz

• Nancy-Université 1945–1953
• Distribution: generalized function
• Points vs. fuzzy points
• Dirac Delta distribution
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Joseph Fourier

• Fourier Analysis: decompose a function into a
series of trigonometric functions

• Q: When can we do so? Fourier: always
• Proof: via Fourier inversion Theorem
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Very briefly: Context for Fourier’s proof

f (x) = a0
2 +

j∑
k=1

ak cos(kx) + bk sin(kx), j → ∞
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1 − cos r
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Fourier’s Proof

We want to prove:

f (x) = 1
π

∫ π

−π
f (α)Dj(x − α)dα, j → ∞



To show: f (x) = 1
π

∫ π
−π f (α)Dj(x − α)dα, j → ∞

Let’s look at Dj(x − α)
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α
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To show: f (x) = 1
π

∫ π
−π f (α)Dj(x − α)dα, j → ∞
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To show: f (x) = 1
π
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To show: f (x) = 1
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Is this proof any good?



Reactions

• Clifford Truesdell (1980):

• Ivor Grattan-Guinness (1990):

• Jesper Lützen (2003):

• Gaston Darboux (in Fourier 1888):
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What is lacking in the proof?

• Not all details are worked out
• But, this is insufficient to explain the reactions
• Fourier’s geometrical perspective: integral as area

f(x)

∫ b

a

f(x) dx

a b

x

(Lützen 2003)



What is lacking in the proof?

• Not all details are worked out
• But, this is insufficient to explain the reactions
• Fourier’s geometrical perspective: integral as area
• Cauchy and the Intermediate Value Theorem
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The Rigorization of Analysis

Cauchy:

(Cauchy 1821)

• Two essentially different developments:
1. Concern with the scope of generalizations
2. Attack on geometrical ideas and forms of reasoning
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Fourier:

(Fourier 1822, tr. Freeman)

• Two essentially different developments:
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2. Attack on geometrical ideas and forms of reasoning



The Rigorization of Analysis

W.R. Hamilton:

(Graves 1885)

• Two essentially different developments:
1. Concern with the scope of generalizations
2. Attack on geometrical ideas and forms of reasoning
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Bonus slides



Distributions, formally

Fuzzy points:
D(U) := C∞

c (U)

Distributions:

D′(U) all linear functionals on D(U) i.e., {D : C∞
0 → R | D is linear}

Any function f ∈ Lp(U) can be turned into a distribution Df by the following
procedure:

ϕ 7→
∫

U
f ϕ, ϕ ∈ C∞

c (U)



Function, or distribution?

Darboux also inserted:

(Fourier 1888)



Function, or distribution?
Fourier’s ‘function’:

(
f1

)f1

(
f1, f2, f3, f4

)
f1 f2

f3

f4

(
f1, f2, f3, f4, f5, f6, f7, f8

)
f1 f2 f3

f4
f5 f6

f7

f8

(
f1, f2, . . . . . . . . . . . . . . . , f31f31

)f if i+1

... ...

f(x) :=
(
fdx, f2dx, f3dx, . . . . . . . . . , f (N−1)dx, fNdx

)
N =

1

dx
= ∞

(Fourier 1888)

Countably or uncountably infinite? Q or R?

(Fourier 1888)

(Lützen 2003)

I don’t think this is what he assumes



Distributions and general derivatives

(Fourier 1822)

(Schwartz 1997)



Fourier on infinity



Analytic symbols as representing physical phenomena

(Fourier 1822)

Translation:
We will conclude here this Section, whose subject belongs almost entirely
to Analysis. The integrals we have obtained are not merely general
expressions that satisfy the differential equations: they represent, in the
most distinct manner, the natural effect that is the object of the question.
This is the principal condition we have always kept in view, and without it
the results of the calculation would appear to us only as useless
transformations. When this condition is fulfilled, the integral is, strictly
speaking, the equation of the phenomenon; it clearly expresses its
character and its progression, just as the finite equation of a line or curved
surface makes known all the properties of those figures.
To discover these solutions, we do not consider only a single form of the
integral; we seek to obtain immediately the one that is suited to the
question. Thus the integral that expresses the movement of heat in a
sphere of given radius is very different from the one that expresses this
movement in a cylindrical body, or even in a sphere of supposedly infinite
radius. Now each of these integrals has a determined form, which cannot
be replaced by another. It is necessary to make use of this form if one
wants to know the distribution of heat in the body in question. In general,
one could not introduce any change into the form of our solutions without
causing them to lose their essential character, which is to represent the
phenomena.


